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- - - Abstract 

m : 

■ In this note we establish the exphcit relation between correlation functions in AA = 4 

, SUSY Yang-Mills theory on 5^ x i? in a double scaling limit and scattering amplitudes of 

I the String Theory on the pp-wave background. The relation is found for two- and three- 

' point correlation functions in these theories. As a by product we formulate a dictionary for 

the correspondence between these theories: in particular, we find some unknown relations 
between the parameters in these theories. Furthermore, we argue that the String Theory 
on the pp-wave background is related to four-dimensional SUSY Yang-Mills theory rather 
CN ■ than to the reduced matrix quantum mechanics. We identify string theory excitations 

I which are related to the Kaluza-Klein excitation of the Yang-Mills theory on S^. 

o\ 

(N 
(N 

O 1 Introduction 

It is obvious that in every scientific exploration there should be an independent "judge". In 
particular, in phenomenological theoretical physics the role of such a judge is played by the 
r-| ! experiment. The situation is such that there is no any widely accepted "judge" in String 
Theory (ST). Though, in this case it is natural to accept as such a judge the "mathematical 
experiment". By the "mathematical experiment" we mean a relation (formula) with LHS and 
RHS and equality between them, where these sides were calculated in seemingly unrelated 
to each other theories. Once someone accepted the assumptions or, if you will, definitions 
underlying the calculations behind the relation in question, he can check the relation himself 
and find it to be wrong or correct. 

One of the "mathematical experiments" which string theoreticians are trying to perform 
nowadays is to find a relation between gauge and gravity (string) theories. It is considered as 
a first step towards understanding the relation between these two kinds of theories in general. 
Recently there were found some examples of such a relation. For example: 

• The relation between old matrix models and two-dimensional gravity (see for review [T]). 
We will refer to this relation as MM/2D gravity correspondence. 

• The relation between WZNW model and Chern-Simons theory j2]. We will refer to this 
relation as WZNW/CS correspondence. 
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• The relation between M-atrix theory and hght-cone eleven-dimensional gravity in flat 
space or the relation between IKKT M-atrix model and type IIB ST [4,. (M-theory 
correspondence) . 

• Relation between A/" = 4 SUSY Yang-Mills (SYM) theory at large rank of the gauge 
group and large coupling constant and type IIB supergravity on AdS^ x 5*5 space with 
background RR tensor flux H] (see for reviews [HlinillDl)- The so called AdS/CFT 
correspondence. 

• Relation between J\f = 4 SYM theory in a double scaling limit and type IIB ST on the 
pp-wave background pi]. The SYM/pp-wave correspondence. 

The MM/2D gravity and WZNW/CS correspondences are the relations between small di- 
mensional topological theories. Thus, there is no any involved dynamics in such relations. The 
M-theory correspondence already establishes a relation between dynamical theories. SYM the- 
ory is one of the sides of the relation. However, the SYM theory is small dimensional one, i.e. 
matrix quantum mechanics (MQM). Note that the M-theory correspondence relies on SUSY 
non-renormalization theorems, but it is checked for correlation functions of such operators 
which do not respect any SUSY. 

In the context of the relation between gauge and gravity theories the AdS/CFT and 
SYM/pp-wave correspondences are the most interesting among the listed above relations. They 
give a hope to find an explicit ST description for a dynamical four-dimensional gauge theory. 
Unlike the first three relations the AdS/CFT and SYM/pp-wave correspondences did not re- 
ceive any explicit check, which would not rely on SUSY invariance of operators considered in 
the "experiment". Let us clarify this point. The AdS/CFT correspondence is the relation of 
the following kind: 



where on the LHS the average is taken with the weight exp{iS'o[$]} in the four- dimensional 
SYM theory. The content of fields on the LHS is denoted for simplicity by is a 

basis of local gauge invariant operators (with quantum numbers {j}) in the theory. At the 
same time on the RHS of (P) \E'q is a wave function in AdS^ x 5*5 supergravity characterized by 
concrete quantum numbers denoted by Q jT2|- Note that to find this wave function one takes 
the "time-slice" with respect to the Euclidian "time" {u in common notations) in AdS^. 

So it seems that eq. is an explicit formula, which can be checked by a direct calculation. 
However, the problem is that both sides of it are not sufficiently well defined. At this stage this 
is a kind of the strong/week coupling relation — duality. This is mainly due to the fact that 
one does not know how to work with the ST on such a complicated background as AdS^ x S^. 
As the result almost anything, which can be calculated on the RHS is non-analytic in the 
coupling constant of the LHS or independent of it. In fact, normally any calculation which 
can be performed on the RHS is a strong coupling calculation from the SYM point of view. 
Thus, all observations that favor the AdS/CFT correspondence strongly rely on correlation 
functions of SUSY respecting operators. This is the main obstacle on the way to perform the 
"mathematical experiment" for the AdS/CFT correspondence. 



2 



On the other hand, in the SYM/pp-wave correspondence the ST on the pp-wave background 
is a rather simple theory fSl ISj- This gives a hope to check the correspondence exphcitly. 
In fact, many quantities which can be calculated on the ST side appear to be analytic in the 
SYM coupling constant ^T]. This means that the correspondence can be established for any 
correlation functions in the theories without any respect of SUSY. However, to our knowledge, 
for the SYM/pp-wave correspondence there is no any well established explicit relation like 
eq.((H) . We believe, however, that it should exist because the correspondence was obtained as 
a limit of AdS/CFT correspondence 

In the SYM/pp-wave correspondence it is established that the masses of the ST states 
are equal to the conformal dimensions of the SYM operators jTTl|T2lEI- Furthermore, there 
is a relation between the structure constants for operator algebras in both theories |T8t IT9] . 
However, there was not found any explicit relation between correlation functions in SYM and 
ST. Moreover, it is not clear whether the ST on pp-wave is related to the four-dimensional 
SYM or only to the reduced MQM. So the "experiment" is not yet complete in this case. In 
contrast to AdS / CFT correspondence it is not even clear what should be checked. 

The goal of this paper is to formulate the SYM/pp-wave correspondence in the form similar 
to eq.(^ and to make a few rigorous checks. We establish the explicit relation between space- 
time dependencies of the two- and three-point correlation functions in SYM theory and ST 
on the pp-wave background. We present arguments which support that it is four-dimensional 
SYM rather than just reduced MQM is related to the ST. As a by product we formulate the 
vertex operator formalism in the light-cone (LC) gauge for the conformal field theory describing 
ST on the pp-wave background. 

The explicit formula which we obtain for the SYM/pp-wave correspondence looks as follows. 
On the SYM side we consider generating functional of connected correlation functions of the 
^L^k m(^) operators (and their cousins), where 

= E ^ilmit) {^) ■ (2) 

L, k, m 

In this formula $ is the coordinate on 5*^, iL.fc.m are spherical functions on 5*^ and 

0^^'^ ^t, 0^ are operators which were considered in ^T]. The generating functional in ques- 
tion is: 



WsYM{9) = hg J exp|i5o + i J goit)0{t) + i J gl^^^{t) O 



+ , (3) 



J n 

L,k,m\ 

where the dots are standing for the cousins of O which survive in the double scaling limit of 
[TT] . The second term in the exponent on the RHS is due to the chiral operator defined in ^T] . 

At the same time, on the ST side we consider generating functional of the mass-shell 
correlation functions of the conformal operators " (which we define below): 

ZsT{g) = j exp|i5,, + i j gl{p-)e'^-^^^'^^--Vi:^- + ...Y (4) 
where M is a vector taking values in eight-dimensional lattice. 
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We establish relations between the quantum numbers of 0'^fi^ ,^{t) and of "(p ) opera- 
tors: three components of the eight-vector M are related to the Kaluza-Klein (KK) quantum 
numbers L, k, m. As well we show that the scale parameter of the pp-wave metric — in the 
notations of jTTj — is related to the inverse radius of the on the SYM side. One can see 
similarity between these two parameters already at the first glance: in both theories we can 
scale them to any fixed non-zero value. 

Furthermore, we show that 

gjt)^ J dp-g„Xp-)e''-\ (5) 
Hence, we argue that there should be a relation as follows: 



The normalization (denominator) on the LHS is chosen so that to make the correlation function 
well defined in the double scaling limit, i.e. to cancel the part in the conformal dimension which 
is due to the multiplicity of the fields standing inside (9's. 

In this note we check the relation (jH)) on the planar level for two- and three- point correlation 
functions. But we believe that it could be established at any level. 



on=n. n =n 



-ZsAg) 



(6) 



2 String Theory side 

In this section we discuss ST on the pp-wave background. To keep the paper self-contained we 
start with the derivation of the pp-wave metric from the "AdS" one. Then we proceed with the 
LC quantization of the strings on the pp-wave background. We conclude this section with the 
derivation of the string vertex operators and calculations of two- and three-point mass-shell 
amplitudes of the ST. 



2.1 The pp— wave metric as the hmit of AdS^ x 

To establish the SYM/pp-wave correspondence one assumes that the AdS/CFT correspondence 
is correct in its strong form^ and takes a kind of the double scaling limit on both sides of the 
relation. 

On the AdS side one considers type IIB ST on the AdS^ x 5*5 background (in this text we 
always use Minkowski signature): 



dt' ch.\p) + dp' + s\i\p) dn 



d^'^ cos' {6) + de' + sin2(^) d^l 

-oo < t < +00 (7) 



^One assumes that SYM theory is related to the full ST on AdS^, x S^, rather than just to its supergravity 
limit. 
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with a flux of tlie RR four-form gauge field. Here oc a'gsN is the radius of both AdS^ and 
5*5 expressed in terms of the string coupling constant Qs and the RR flux A^; a' is the inverse 
string tension. Note that the boundary of this metric is at p — > oo and is x R parameterized 
by t and Q'^. 

To obtain the pp-wave limit one changes the coordinates to: 

x+ = t; x- = R'^-^; P = e=\y\/R, (8) 

where r and y are four- vectors. At the end, one takes i? — >■ oo while keeping x^,r and y finite. 
As the result one obtains from eq.© the pp-wave metric 

ds'^ = —4:dx~^ dx^ — /i^ xl (^dx~^Y + dx^, (9) 
where Xa = {r,y), a = 1, ...,8. In the hmit in question the RR flux is: 



F+i23i = ^+5678 = const ■ fi (10) 

with an arbitrary dimensionfull parameter fi. 

To have a reasonable theory in this limit one must keep the light-cone energy p~ and 
momentum p'^ of the strings finite: 



Hlc = 2p = -p+ = id^+ =i {dt + d^) = (A - J) /i, 

= -^- = -|^ = ^^- = ^(^*-^^) = ^' (11) 

where A is the energy in AdS^ x 5*5 ST, while J is the angular momentum along direction or 
charge under Ur(1) C SUr{4) = S0r{6) — group of rotations of the six coordinates transversal 
to the D3-branes. The D3-branes are the source for the AdS^ x 5*5 space. Thus, to keep the 
quantities in question finite in the R ^ oo limit one must take the double scaling limit 



i? — > oo, (qsN ^oo), A ~ J — > oo, and J'^/R^oc = const. (12) 

9s N 

As a side remark relevant for our further discussion let us note that according to ^21 120] the 
AdS / CFT correspondence tells us that the SYM theory lives on any hyper-surface p = const of 
((Tj). The latter constant defines the energy scale of the SYM |Sl[T21l2ni- Hence, after the double 
scaling limit is taken the SYM theory lives at any four dimensional hj^er-surface r = const 
of the space Q, which is parameterized by coordinates t and fl'^. Moreover, according to [21] 
the time coordinate t of the SYM theory should be identified with x~^ — the time coordinate 
of the ST on the pp-wave background. We come back to this point below. 
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2.2 Quantization of strings on the pp— wave background 

The LC ST action in the pp-wave background in the GS formahsm is [T!^ HI]: 



S 



LC 



dr 



2 TT o' p+ 



da \ dxadxa — ^'^ x^ — S id + ixT 



t1234 



s 



2-7T 



jj. x^ — S \ idr 



f^T^''' S}, (13) 



where Xa are two-dimensional scalars describing embeddings of the strings into the target-space; 
5* are two-dimensional Majorana fermions, which carry positive chirality spinor indexes under 
the Spin{8) group. The x and S fields in the second line differ from those in the first line by 
the rescaling by 

The bosonic part of this action appears from the non-linear cr-model with the pp-wave 
metric, while the mass term for the fermions can be understood as appearing from the coupling 
of the GS fermions to the RR background ()10|1 : r^^^^ is the corresponding anti-symmetric 
product of the gamma-matrixes. 

The harmonic expansion of Xa{cr, r) is [T!^ I14j: 



X [a, T) = cos 



/ir Xq + - sin /ir Pq + i ^ — | 6^ exp 



1 sign n uj„ T 



n a 
a' 



+6>xp 



na 

-1 I sign(n) uJnT+ — — 
* a'p^ 



where < cr < 2 vra'p"*" and 



+ 



(14) 



{jia' p'^Y 

After quantization we get the following commutation relations: 



(15) 



p 1 

n' "mi 



1 

— L 

2 



5° 



0. 



(16) 



Note that in the /i — limit b and b become standard left handed (holomorphic) and right 
handed (anti-holomorphic) harmonics and eq.()14|) becomes the standard expansion. 

At the same time the Laplace equation (both for scalars and for tensors) in the pp-wave 
metric is: 



[-2 d+d-~xld'i + dl + 2icd--n/^ F(x) = 0, 



(17) 



where c is the specific constant ^3 E] (c = for scalars) and m is the mass of the field. The 
solution of this equation is: 
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where Xm{^) = Ha XMai^) the wave functions of the eight-dimensional harmonic oscillator. 
In particular, Xoi^^ P^) = exp{— p+ xl/2}. Note that the vector p, p~ in the flat space-time 
is exchanged for M, p"*", p~ in the pp-wave background. 

Thus, in the pp-wave background the string center of mass degrees of freedom are in a 
particular oscillator quantum state [T^ IT^: 



|0,p+) or J] |0,p+) = |M,p+), M.GZ 

a=l 

where (x|M,p+) = XM(a;,p"^), (19) 



and 6q oc xo ± ipo//^- 

Furthermore, above each of these states there is the tower of the string excitations created 
by the action of the operators with n & Z , n ^ 0. The mass levels of the ST are given by 
Un Nn IISI mi and the constraint on the physical states is: 



P = J2nNn = 0, (20) 

— oo 

where P is the two-dimensional momentum operator and Nn is the degeneracy of the n-th level 

unmn. 

2.3 Vertex operators and correlation functions 

Let us consider physical states in the theory. Due to the condition (j^UI) the simplest physical 
string excitations are given by: 

(21) 

where = b_n, n > 0. The mass of such a state (above the zero-energy level of the eight- 
dimensional oscillator) is: 



va=l 



Let us construct LC conformal vertex operator for creation of such a state. 
It is not hard to see that: 



7 



J drda (i sign(5o-) \/ - &l + i x" (i sign(9CT) - - i d. 



X 



-2 i UJnT 



|0)(x 



cxCeiO),(23) 



where |0) is the vacuum annihilated by fe's without + and sign{da) is the sign of the correspond- 
ing derivative acting on harmonics of x. In the hmit /i — > such a vertex operator becomes the 
standard vertex operator for the strings in the flat space: 



where a and r are coordinates on the cillinder^ and d± = d/da ± d/dr. 

Thus, the local vertex operator for the scalar part of the state (PT|) is given by: 



V-^^"[x(a, r)]oc k {d' + fi'T 



where flat space factor e'^^^ is exchanged for Xm(^' P^)- The mass-shell condition is: 



(24) 



(25) 



(26) 



which is imposed to respect conformal invariance. 

Let us calculate mass-shell correlation functions for such operators. The K-point function 
is given by: 



daidnV^^^^^icTi, n) I rfMr2l/5^^^^(a2, rs) . . . 



daK-idTK-iVl'^ ' {ax-i, tk-i) I daKdrxVl^ {ax, tr) 



MS 



K 



K 



p- — m 



(CFT) 



K 



(27) 



where the (5-functions for pj appear from the mass-shell condition; (CFT)^ is the standard K- 
point LC correlation function in ST, which is independent of all pJ . It is a rather complicated 
correlation function due to the presence of the factors Xai(^> P^) [13 • Such a correlation 
function is necessary to study to understand the relation of this ST to SYM in full detail and, 
in particular, to understand the structure of the algebra of the vertex operators (j2SI)- 

^Note that if one were using coordinates on the complex plane the exponent under the integral in this 
expression would be absent. 
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Two-point CFT correlation function is easy to calculate^. It is proportional to 



{CFT), oc n 5 (Mi^) - )) ■ ■ ■ ■ oc 5^-^^- .... (28) 



Pl .P2 

a=l 



It is not hard to see that the two-point function is nothing but the following transition amplitude 
in the ST 



(29) 



where -ffLc is the Hamiltonian corresponding to the action (|13|) expressed in terms of the 
harmonics b of the field x{a, r). 

At the same time, the three-point correlation function is proportional to 



(CFT)3 0c5p-_^-+^-... . (30) 

Calculation of what is standing instead of dots we leave for future. The three-point correlation 
functions give OPE coefficients which were considered in ^Hl d] in a different approach. For 
our purposes, however, we need only space-time dependence of the string scattering amplitudes. 

Thus, to find a correspondence of the ST in question to the SYM theory we should reproduce 
such correlation functions from the SYM. This is exactly what we are doing below. 

3 SUSY Yang-Mills theory side 

We start with the identification of the relations between different parameters in the SYM and 
ST. From eq.(fTT|) it follows that: 



"'p^/^oc^=- (31) 

From the ABC of the AdS/CFT correspondence we know that A is the energy of a state in 
the SYM theory on S'^ x R, J is Ur{1) charge, where [/^(l) C 5^7^(4) = 50r(6). The S0r{6) 
is the group of rotations of the six scalars present in the A/" = 4 SYM theory, while S'f/j?(4) 

^Because the x factors in ea. lf^ can be absorbed into the brackets: {xo{x, p'^) ■ ■ ■ Xo{x, p^)) = 
(0, p+l . . . |0, p+) = (...). At the same time 



(x^i(x, p+)...xm(x, - ( 0, p+i n m''^ ■ n (^s+)''^ io, p 

\ a c 



X )^'^ 
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rotates four Weil fermions. There is the unitarity bound in the SYM theory which states that: 
A > J. Furthermore, is the rank of the gauge group. As well it is known from the D3-brane 
action that: Qg = const g"^, where g is the SYM coupling constant. 

Let us now specify the double scaling limit which one considers on SYM side. We have JT] 
A/" = 4 SYM on X R with the action^: 



S. 



SYM 



Ag^ 



-\ 2 



K 



H — 7?- $j + fermions 
3 



(32) 



where = 0, ...,3, TZ is the curvature oi x R (i.e. of S'^) and $j, / = 4, ...,9 are six real 
scalars. All the fields in the theory are in the adjoint representation of the gauge group U{N). 
It is important that the Af = 4 SYM theory is conformally invariant, because it has vanishing 
/9-function. This explains the conformal coupling of the scalars $ to the curvature TZ in eq. ()32|) 
. Now it is clear what happens with the SYM theory in the limit (jl2j) . One has to consider only 
those states of the theory on x R which have J ^ oo charge. To construct corresponding 
operators we combine two of the six scalars $ into: 



Z = $8 + i*9- (33) 

This Z field carries unit of the Uji{l) charge in question. Hence, for example, the operator 
which saturates the unitarity bound A = J is: 

O-^ oc TrZ^. (34) 

The state corresponding to this operator plays the role of the vacuum in our further consider- 
ations of the double scaling limit. 

The proper excitations above such a vacuum should have finite energies (anomalous confor- 
mal dimensions) in the double scaling limit p2|) . According to JT] the simplest such states are 
as follows: 



0/^oc^Tr{$,Z' <I>kZ'-'] e"-^, 

where J = 4,..., 7. (35) 



1=0 



In |2ni 1211 it was shown that the one loop anomalous dimensions of these operators are 
given by (J oo): 

. ^ 2 1 g'^jWl 35 \ 



J2 87r2 A^ V6 16 7r2n2 



^The conformal transformation from to S'^ x R is: 



Note that under such a conformal map the CFT correlation functions are converted into transition amplitudes. 
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where the second term on the RHS is the planar correction, while the third one is non-planar. 
Actually it was argued in (THl Hlj that all planar corrections can be summed to give the expres- 
sion: 

Under the identification (jHlll one finds the relation between the spectra of the SYM and ST 
An — J = mo,n, where mo,n is given by eq.(|^^ . These formulae show that 



plays the role of the effective t'Hooft coupling constant in the double scaling limit. On the 
SYM side it is the weight for planar loop corrections to correlation functions of the operators 
like (j35|) . On the ST side, due to eq. (j3T| , it is the weight for cr-model quantum corrections. 
At the same time it is tempting to identify: 



9s = (39) 

This means that the non-planar correction in eq. ()37j) is proportional to A ■ g^. Furthermore, 
below we show that 



7^ oc ij\ (40) 



where /i is the parameter of the pp-wave metric 
Thus, the free SYM is reproduced when 



A^O, ^^0. (41) 

On the ST side this limit corresponds to: /i ^ -^^^ Hence, we can neglect the second term in 
eq. (jl3p in comparison with the mass term for x: 



Sfree = ^ j j ^ da ^ [d^Xa (a, t)) ' - ^\l{a, t) + S{a, t) (i dr + ^i r^'^^) S{a, t) I ,(42) 

i.e. free SYM theory corresponds to the infinitely many (parameterized by a) non-interacting 
SUSY oscillator quantum mechanics^. The relation between the free SYM and the theory 
fj42|) can be established with the full mathematical rigor. Moreover, it is not hard, using the 

^Note that in this Umit aU the string excitations hke H21|l have the same mass which is of the same order as 
the mass /i of oscillator excitations in the pp-wave background. 
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relations (j3T| , (j38|) , (j39|l and (Pn|) , to define the SYM perturbation theory from the theory with 
the action (021). 

The opposite — strong couphng — limit corresponds to the situation when /i <^ ^ 



a' 



Hence, d^rXa = 0, i.e. all the string excitations become infinitely massive and decouple in the 
limit. In this situation we obtain the weakly coupled supergravity on the pp-wave background. 
It's scalar mode is described by the SUSY oscillator quantum mechanics: 



1 

2^ 



dr < [drXa(r] 



(43) 



It is easy to establish a map between physical states of the SYM theory in the strong coupling 
limit (plus the double scaling limit) and physical states of the theory P3|l . However, here we 
are not going to study this limit in any more detail. From now on we consider SYM theory in 
the weak coupling limit (PT|) and tern on first A and then J'^/N. 

3.1 From SYM to ST Hamiltonian 

In this subsection we carefully repeat all the arguments of ^T] and clearly specify the limit in 
which they are valid. Consider separately all KK modes'' of the SYM fields on S^. On the level 
of the zero-modes the theory is described by MQM: 



Smqm (X y y dtTT{{DoAif + {Do<^jf + \DoZf + 



Z , A, 



g'N 



g'N 



z , z 



K 



+ 



+ 



2 2 2 1 
+ - 7^ + - 7^ |Zp + - 7^ + fermions > 

3 3 3 J 



(44) 



where Dq = dt + i g"^ N Aq and TZ A^ term appears due to the SUSY with sixteen supercharges. 

It is worth mentioning at this point that everything which is done in this subsection is 
valid only in the planar limit. Thus, we have to consider J'^/N —>■ 0. Then if we take 
A = g'^N/J'^ — > as well we can neglect commutator terms in eq. ()44|) if we are going to 
consider only correlation functions of such operators as (which survive in the double 
scaling limit). Hence, the MQM action in the extreme of the weak coupling limit is: 



lim S 



MQM 



ocN j dtTi !^{dtAif +(dt<!>if + \dtZf + 

+ -7^<l>? + -7^|Zp + -7^A• +fermionsl . 
3 3 ' 3 ( 



(45) 



This is true even despite the fact that g'^N ^ oo in our double scaling limit. 

^This does not mean that any of the KK modes are suppressed in any sense in comparison with the zero 
modes. In fact, KK modes have masses of the same order as the "zero-modes", i.e. of order of /i. 
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It was shown in [23j that in the planar approximation the master fields for Ai, $/ and 
Z in the gaussian MQM are described by (up to a gauge transformation [23]): 



Z{t) =^ a+(t) 

A{t) =^ /3+(t), (46) 
were a and /5 are Cunz operators. They obey no any relations except: 

a{t')a^{t) = 5(t' -t), 
Pait') a+(t) = 0, 

«(t')/?+(t) = o, 

a+a + ^/5+/3„ = l-|0)(0|, (47) 

a 

where Pa = {Pi, Pi) and the vacuum |0) is annihilated by all operators without +. 

If one considers in the MQM the states with a large J charge it is convenient to define new 
vacuum and operators: 

TtZ' \0)mqm =^ {a^Y |0) = \vac, J), 

P^i ^ {c^^y PUc^Y 1<J. etc. (48) 
Similarly one can define a'^. The relations which are obeyed by these new operators are: 

/?a\W/54(O=0, if h<lu 
PalAt) PbUt') = 0, if k>k, 
Paw{t)PM,{t')=KljABKt-t'), (49) 

The question is how to see Heisenberg algebra (algebra of the string oscillator modes) within this 
bigger algebra. In pT] it was argued that appropriate candidates for the free string harmonics 
are the large J limits of: 

Ut) = -rj $^A(t)e— =^ 5^$[,](t)e— . (50) 
In fact, they obey the relations: 

1 J 

1 — -\ , / 2Tri(nl + ml') 2 w i (n l' + m I) 

Mt), bUt')] = J $^A(^) A'(t') (e ^ -e J 
i>i' 

[bn{t), biit')] = 6^^6{t-t') --jY, X^At(t) A(t')e'^''^. (51) 

V=0 1=0 
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In ^T] it was argued that one should neglect the terms on the RHS which have the pre-factor 
1/ J. This is not completely clear for us. At this point we do not know how to find any rigorous 
and explicit relation between the two algebras in question. But we would like to point out 
that establishing a relation between Heisenberg and Cunz algebras (which should exist) is very 
important for the understanding of the SYM/pp-wave correspondence. 

Assuming that the arguments of ^1] are correct, it is easy to establish the relation between 
the Hamiltonians of the MQM and ST on the pp-wave background. In fact, let us consider 
deformations of the free MQM by the potential terms of eq. ()44j) . In the large J limit the 
contributions of the most of the potential terms (to the correlation functions of the operators 
fj35|) ) are suppressed. Only the terms Tr|[Z, $/]! and Tr|[Z, Aj\\ do contribute in the limit in 
question. Thus, substituting the master fields of Z, A and $ into the Hamiltonian of the theory 
fl44|l and using the relations for the master fields, we obtain the Hamiltonian 



la/ 

Now changing from /3's to 6's we obtain in the large J limit: 



(52) 



lim Hbmn oc 



J^oo 



ds < {dt Xaf + {ds Xaf + x\ + fcrmious 



J 



TC 



(53) 



where x is constructed from 6's as in eq. p4|l . Thus, in this way we obtain the LC Hamiltonian 
of the ST on the pp-wave background. 

One can go even further 11 and establish the correspondence between (gauge invariant) 
operators/states in MQM and (physical) operators/states in the ST. In fact, using the relation 
()5U|) and taking into account the constraint PU)) one can establish that: 



K 








lim TiZ'^ ) lim \vac , J) 

J-+00 I / MQM J^oo 

hm VTrU.Z' <^kZ'-'} 







(54) 



etc.. 



MQM 



Similar relations one can establish for the insertions of Ai and Dq. Curiously enough the MQM 
operators corresponding to the unphysical ST states |0, p~^) with n m do vanish [TT]. 

Moreover, only such SYM operators as in ()54|1 have finite anomalous dimensions in the 
double scaling limit (fT^ . It was argued in ^1 that all other kinds of SYM operators (for 
example, with insertions od Z) have divergent anomalous dimensions in the double scaling 
limit (fT^ . i.e. decouple from OPE. In other words, corresponding MQM states have divergent 
energies and decouple from the spectrum of the theory in such a limit. 

At this stage one could ask about KK modes of the SYM fields on Are there any ST 
states related to them? To answer this question consider the following operators in the SYM 
theory: 



{mi,m2,...ni,n2, 



etc.. 



(55) 
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The states corresponding to these operators are hnear combinations of the KK excitations of 
the SYM theory on 5*^. According to eq. (|Kn|l we can relate them to the states in ST: 



6+^|0,p+) = |...l,p+) =^ jim 5^Tr|z'(A^) Z''-'-^] 

J 



e ■' 



K^KIKK\0,P'^) =^ lim VTr|<l>,Z'^$x^'MA^) ^■'"'^^'^"'1 e^,et<56) 

where in the last line the differential Di in the sum acts both on Z and $'s. This is enforced by 
the commutation relations (fTI)|) for bo and 6„, n ^ 0. Hence, insertions of D's into TrZ"' with 
extra phases are related to such string excitations as b^^ b^j |0, p"*"). Furthermore, insertions of 
D^s (as well as extra insertions of $ without phase) are related to the oscillator levels of the 
center of mass of the ST on the pp-wave background. Below we give other arguments that 
support this identification: in particular, we establish relations between correlation function of 
these "KK" operators and scattering amplitudes of strings at excited oscillator levels. 

In conclusion, there should be a correspondence between SYM theory on x R in the 
double scaling limit and the ST on the pp-wave background. But from the presented consid- 
erations it is not clear what kind of a relation is this? Is there any formula like eq. for this 
correspondence? Is this a relation between planar SYM theory and free ST or is this a relation 
between interacting theories? In the next sections we show that there is a relation between the 
generating functional of correlation functions of the operators ()H5|1 and generating functional 
of LC transition amplitudes of the ST on the pp-wave background. 

3.2 Correlation functions 

Consider the tree-level value of the two-point correlation function of the operators ()35p in the 
SYM theory on x R: 



Jl+2 
Ji+2 



(0i\ (ti, 0i) oil (^2, 02)) OC (G (ti, 01 |t2, 02))' 

\L, k, m 

^Ji+2 giM(Ji+2) it,-t,) ^ ^/^ giM(L+Jl+2) it2-t,) J2 YL,k,m{4>2 " 0l) + 



k, m 



+ E ^O^^LCi'e''^(''+^'+'^'''^(*^'*^^ E >^L,.,™(02-0l)>L',fe',m'(02-0l) + ... 



L,L' k,m,k'm' 



,(57) 



where we consider scalar part of the operator (j35|l . cj) is the coordinate on S*^, /i is the inverse 
radius^ of S"^, Ji+2 is the classical conformal dimension of the operator and G{ti, 0i | ^2, ^2) 
^We denote it as /i to show its relation to the corresponding parameter of the pp-wave metric ©• 
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is the scalar propagator^ of the theory eq. ()32j) on x R. Note that the first contribution in 
the third hne is due to the zero-modes on S^. 

In eq. (j^7j) we have used the expansion of the propagator 



L,k,m'' ^ \ < J J L,k,m 



in the spherical harmonics Y on S^. Here L{L + 2) is the eigen-value corresponding to the L's 
harmonic. 

Quantum corrections to eq. ()57|) within four-dimensional SYM theory were considered in 
im ITHl [T7] . On the level of planar diagrams the result is given by the shift of the conformal 
dimensions pTj) . Hence, in eq. ()57|l the planar loop corrections are taken into account if we 
substitute 



+ Ji + 2yi + ^n2 (59) 

As well it is not hard to calculate quantum corrections to the first term in the last line of the 
eq. ()57|l within MQM. Amazingly enough the one loop result coincides with the one loop result 
of the four-dimensional SYM theory. This is in accordance with the considerations of P?'. 
However, if the higher loop corrections within MQM to the zero mode contribution in eq. ljSTj) 
do not coincide with ()59|) this is a good sign in favor that it is four-dimensional SYM which 
corresponds to the ST on the pp-wave background rather than MQM. 

To compare eq. (|57p to string scattering amplitudes we have to properly normalize the corre- 
lation function (j37j) . It is tempting to divide it by the correlation function (TrZ (ti) TrZ'^i(t2)) 
to cancel the Ji part in the value of the conformal dimension^". After that, if we take into 
account quantum corrections and make the Fourier transform over t of each term in the last 
two lines of eq. (j^ we obtain that they are equal to: 



hi,J2^AuA2^ \ p- ^^ L + 2. 



9^ 

J! 



L + L' + 2W1 + 



9^ 
^1 



etc.. 



(60) 



It is not hard to see that the first term (correlation function of the zero KK harmonics on S^) in 
this expression coincides with the string scattering amplitude (j2ZI), (j2HI) for the zero-oscillator 
harmonics on pp-wave (if we identify p = p~)- 

^For definiteness we use the retard propagator (^2 > ii)- All our considerations below can be extended to 
other kinds of propagators on the both sides of the relation. 

^''it is interesting to know whether the necessity of such a change of normalization will change conclusions of 
|25j concerning four-point functions. 
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Furthermore, 5*0 (8) invariance acting on the Xa and M is broken to 50(3) x 50(5) by the 
fermions ^31 ^5 theory. The 50(3) factor corresponds to the rotations of on SYM 

side. This is in accordance with what we have discussed at the end of the subsection (3.1): the 
three among eight quantum numbers Ma are related to L, k and m of the spherical harmonics. 
In fact, the last two expressions in eq.()6U|) are equal to the corresponding correlation functions 
fl27|l . (j28|l . where only three Ma are turned on rather than all eight. Thus, we can reproduce 
full two-point correlation function in SYM theory on 5^ x i? from the ST on the pp-wave 
backgrounds^ . 

All our considerations so far establish relation between planar approximation of SYM theory 
and free string theory. To make the first step towards establishing relation between interacting 
theories we have to consider three-point functions of the zero modes of the operators (|35|l . For 
scalar parts of the operators they are given by: 



otih) Oilih) Oil 



(TrZ^\ti)TTZJ^{t2)TTZJ^{ts) 



oc 



X X r' J • ^1 + ^2 - A3 , , , 

oc J2+J3 c'Ai,A2+A3 Oji J2 J3 exp <^ i/i {t2 -h) } X 

Ai + A3 - A2 ^ J J . A2 + A3 - Ai 
X exp <( i/x (t3 - ti) y exp «^ i/x (t3 - taj 

— "Ji, J2+J3 "Ai,A2+A3 (-^Ji J2 J3 6 ^ 6 l^ij 

where > ^2 > ^3 and the full conformal dimensions of the operators (j35j) are given by 
A = A + J. The structure constants Cj^j^j^ should be compared to the (CFT)3 to find the 
full agreement between this correlation function and (j27j), (jHU)) . At this stage, however, we see 
that space-time dependencies agree. In fact, after the Fourier transform of eq. (j^ over ti, t2 
and ^3 we obtain that the three-point correlation function is equal to: 



^Ji, J2+J3 '^Ai,A2+A3 C'ji J2 Jz ^ (pi - Ai) ^ (P2 - A2 j S \^P3 - A3 j . (62) 

This perfectly agrees with (jTTj) . (jHUI) ifp = p~ and A's are given by eq.(|^ (and if the structure 
constants do coincide). Taking into account the agreement between (CFT)3 and structure 
constants Oj^ jg found in pi^l we can reproduce full four-dimensional SYM correlation function 
on 5'^ X i? from the ST. It would be interesting, however, to reproduce the relation between 
(CFT)3 and Cj^j^j^ within our approach. 



4 Conclusions and Acknowledgments 

In conclusion, we found the correspondence between the interacting ST on the pp-wave back- 
ground and the interacting SYM on 5^ x i? in the double scaling limit. However, the explanation 

"'^^Note that the operator mixing of 24 is not important for us at this stage. First, we consider planar 
approximation. Second, even if we were to take into account the mixing it would not change our conclusions 
about space-time dependence of the correlation functions. 
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for this relation is still missing: our observations as well as those of [TT] , etc. still look mysterious 
for us. 

Apart from that there are several immediate questions answers to which are not obvious for 
us. It is not obvious how it happens that superstring theory torus correction does not vanish 
to reproduce non-planar correction in eq. (j?r|) ? It would be interesting to see whether the 
operator mixing of j2ll 123 CHI 1211 is somehow related to the fact that multiple-point SYM 
correlators are linear combinations of the multiple-point ST correlators. 

Furthermore, one of the possible future directions is to calculate the following correlation 
function: 



for finite J. This correlation function is the discretized analog of eq. lj^ , where Hbmn is given 
by eq. ()52|) . Hence, its should give a regularization of the string theory amplitudes. 

I would like to acknowledge discussions with A.Mikhailov, A.Tseytlin, A.Gorsky, A.Marshakov, 
G.Semenoff, M.Staudacher and especially with N.Ishibashi and A.Gerasimov. I would like to 
thank Kitazawa san, Iso san, Kawai san, Yoneya san, Hashimoto san, Osayuki san, Sugawara 
san and especially Ishibashi san, Tada san and Suzuki san for hospitality in KEK, RIKEN, 
Kanazawa Univ. and Hongo and Komaba Tokyo Univ. where this project was initiated. This 
work was partially supported by the grant RFBR 02-02-17260 and INTAS-00-390. 
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